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Abstract. We use Liu-Tian's virtual moduli cycle methods to construct de- 
tailedly the explicit isomorphism between Floer homology and quantum homol- 
ogy for any closed symplectic manifold that was first outlined by Piunikhin, 
Salamon and Schwarz for the case of the semi-positive symplectic manifolds. 



1. Introduction 

1.1. Background and motivation. It is one of the exciting mathematics achieve- 
ments in the last few years that the Floer and quantum homologies were established 
for all closed symplectic manifolds (see IFuOl iLiTl ILiuTl R Sie| and |HS2|). 
(Less general versions had been obtained before by Floer El, Hofer-Salamon 
llHSn . Ruan-Tian fRTTl and McDuff-Salamon |McS|.) The purpose of this pa- 
per is to construct detailedly an explicit ring isomorphism between them. Such an 
isomorphism was first outlined by Piunikhin, Salamon and Schwarz in the semi- 
positive case |PSSc|. Our argument is based on Liu-Tian's virtual cycle methods 



in IILiuTll - [LiuT3 1 . The isomorphism is necessary and convenient for studies of 
some symplectic topology problems, e.x., the topology and geometry of the group 
Ham(M, uj) of Hamiltonian automorphisms of a symplectic manifold (M, uj). Let 
G be the group of pairs {g, g) consisting of a smooth loop g : ^ Ham(M, w) 
such that (jr(0) = Id and a lift g : C{M) C{M) of the action of to a covering 
of the space C{M) of contractible loops in M (see §1.2 below). In a beautiful 
paper |Se| by Seidel, for every pair {g, g) ^ G there is assigned an automorphism 
HF^{g,g) of the Floer homology HF^{M,io); he constructed a homomorphism 
q from G to the group QH^: (M, u;) ^ of homogeneous even-dimensional invertible 
elements of the quantum homology ring QH^{M, lo) and proved his main result: 

HF,{g,g){b) = ^+{q{g,g))*Ppb 

for any {g,g) € G and b E HF^{M,uj). Here *pp and are the 'pair-of- 
pants' product in HF^{M,ijo) and the canonical isomorphism from QH^{M,lo) 
to HF^:{M, io) constructed in IPSScI respectively. A key step in the proof of his 



Date: November 18, 2000 / Revised June 6, 2003. 

The author was supported by the NNSF 19971045 and 10371007 of China. 

1 



2 



G. C. LU 



main result is Theorem 8.2 on the page 1080 of ISell . whose proof was based on 
the arguments of IPS Sell . 

Schwarz IISch3l defined and analyzed a bi-invariant metric on Ham(M, lo) with 
the construction of such an explicit isomorphism on a closed symplectic manifold 
(M, w) with ci|7r2(A/) = ^\tt2(M) = 0- Recently, Oh |0h| obtained the corre- 
sponding results on arbitrary closed symplectic manifolds. As pointed out in §5.3 
of |0h| it would seem more natural to use the Piunikhin-Salamon-Schwarz map 
in the definition of his mini-max value function p. Entov | En | studied the rela- 
tions between the K-area for Hamiltonian fibrations with a strongly semi-positive 
typical fiber (M, a;) over a surface with boundary and the Hofer geometry on the 
group Ham(M, u). Such a ring isomorphism was used to obtain a key estimate in 
his work. 

Since these applications used the Piunikhin-Salamon-Schwarz isomorphism in 
IPSScI our detailed generalization to arbitrary closed symplectic manifolds may be 
used to generalize their results to the desired forms more directly and conveniently. 
Moreover the method to construct the ring isomorphism has actually more uses 
than the isomorphism itself because not only the isomorphism itself but also the 
map of Piunikhin-Salamon-Schwarz'type in the chain level were used in some 
applications. The construction of another ring isomorphism was given by Liu- 
Tian ILiuT3l (a less general version was announced before by Ruan-Tian IRT2I ). 
Without doubt different construction methods of the ring isomorphisms between 
Floer homology and quantum homology have respective advantages in the studies 
of different symplectic topology problems. 

1.2. Outline and the main result. For a smooth non-degenerate time-dependent 
function H : M xR/Z R one may associate a family of the Hamiltonian vector 
fields by •) = -dHt for t G M and Ht{-) = H{t, ■). Let V{H) be the 

set of all contractible 1-periodic solutions of the Hamiltonian differential equation: 
x{t) = {x{t)). Denote by J{M, uj) the space of all almost complex structures 
compatible with uj. It determines a unique the first Chern class ci = ci (TM, J) G 
H'^{M,Z) via any J G J^(M, u;)(|:Gr;|). Let 0^, 0a; : Hi{M) M be the 
homomorphisms by evaluations of ci and u> respectively. Here fff (M) denotes 
the image of 7r2(M) in H2{M]'Z) under the Hurewicz homomorphism modulo 
torsion. As usual let C{M) be the set of all contractible loops x G C°°(S'^,M). 
Consider a pair (x, v) consisting of x G C{M) and a disk v bounding x. Such two 
pairs (x, v) and (y, w) are called equivalent if x = y and 0^, both take zero 
value on v'^{—w). Denote by [x, v] the equivalence class of a pair (x, v) and by 

C{M) the set of all such equivalence classes. Then the latter is a cover space of 
C{M) with the covering transformation group T = H2{M) / (keicpci H kert/)^). Its 
action is given by A ■ [x, v] = [x, A]^v] for any A G T, where A]^v is understood 
as the connected sum of any representative of A in tt2{M) with v. In this paper 
we shall denote [x, v] by x and [x, v]i,A] by xfjyl for yl G F if it is not necessary to 
point out the bounding disk v and no confusion occurs. Let V{H) be the lifting of 
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V{H) in the space C{M). It is exactly the critical set of the functional 

■■ C{M) M, [x, v]^ - v*uj + /o Hit, x{t))dt 

on C{M). Given x^ = [x^,v^] G ViH) denote by 
(1.1) M{x-,i^-H,J) 

the space of all connecting trajectories u : M. y. S"^ ^ M satisfying the equation 
dj,HU = dsU+ J {u)dtu+V Ht{u) = with boundary conditions lims_+-|-oo u{s, t) 
= x^ and [x"*", f ~tt^i] = [x"'",^"'"]. After making a small generic perturbation of 
Ht outside some small neighborhood of the graph of the elements of V{H) one 
may assume that for any two x^ € ^{H) the space M.{x^ ,x^] H, J) is either 
an empty set or a manifold of dimension /u(x^) — /i(x^) (|F|). Here fj,{x) is the 
Conley-Zehnder index of x (|SZ|l). Denote by VkiH) := {x G V{H) \ n{x) = 
k}. Consider the chain complex whose fc-th chain group Ck{H, J;Q) consists 
of all formal sums Yl^x ■ x with ^ Q and x ^ Vk (H) such that the set 
{x G Vk{H) I ^ 0, Th{S:) > c} is finite for any c G M. Then C^{H, J; Q) = 
(BkCk{H, J; Q) is a graded Q-space of infinite dimension. However its dimen- 
sion as a module over the Novikov ring = Atj(Q) is finite. Here A(^(Q) is 
the collection of all formal sums X = ^ Xa ■ with Aa G Q such that the set 
{yl G r I 7^ 0,uj{A) < c} is finite for any c G M. Its action on C^{H, J;Q) 
is defined by (A * ^)i = X^^er s ^^^^ ''^"^ °f C*(i?, J;Q) over 

A^j is equal to '^'P{H). When (M, lj) is a monotone symplectic manifold and 
n{x~) — fJ.{x~^) = 1 Floer proved that the manifold in (1.1) is compact and thus 
first established his Floer homology theory 10. Later on his arguments were gen- 
eralized to the semi -positive case by Hofer-Salamon [HS 1 ] and Ono |0|, and the 
case of the product of semi -positive symplectic manifolds by author |Lul|. Note 
that the space in (1. 1) is not compact in general case. It is this noncompactness that 
impedes the establishment of Floer homology theory on all closed symplectic man- 
ifolds. Let us outline Liu-Tian's method to overcome this difficulty since we shall 
choose their method to realize our program. Replacing the space in (1. 1) they con- 
sidered M{x~ , x~^ ; J, H) the space of the equivalence classes of all (J, ff)-stable 
trajectories from x~ to x"'"(cf. Def.2.1), and used it to construct a suitable relative 
virtual moduli cycle C{M^ {x~ ,x^)) of dimension fj-{x^) — /u(x+) — l(see §2.2.) 
If /i(x~) — fJ.{x~^) = 1 the virtual moduli cycle may determine a rational number 
tt(C(AT''(x-,x+))) (see ILiuTll l Then for each ^ = Y^x^xX in Ck{H, J; Q) 
they defined 



(1.2) 5fe= E E ^{CiM^x^y)))-^, 



'fj.(x)=k 



y- 



and proved it to be indeed a boundary operator. Let HF^{M, lo; H, J, u; Q) be 
the homology of the above chain complex. Using Floer's deformation ideas they 
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proved that this homology is invariant under deformations and also isomorphic to 
i/*(M, Q) (g) Auj, i. e., the quantum homology of M. 

For the construction of our isomorphism let us firstly fix a Morse function ho 
on M and a small open neighborhood O{ho) of it in C°°{M) such that 

(i) for some e > any two different points a and b of Crit(/io) = {oi, ■ ■ ■ , Om} 
have a distance (i(a, b) > 4e with respect to some distance d on M; 

(ii) any two different critical points and b^ of h ^ O(^o) have a distance 
d(a'^,6'^) > 3e; 

(iii) each h G O{ho) has a unique critical point in each ball Bd{ai, e) = {c G 
M I d{ai, c) < e} and no other critical points (hence ttCrit(/i) = m); 

(iv) for any h G O{ho) the Morse index ^(a^) = fi{ai), i = 1, ■ • • , m; 

(v) the function 

O{ho) ^ Bd{aue) x • • • x Bd{am,e), h ^ (a^, • • • ,a^) 
is a smooth surjective map. 

Take h G 0(/io) and a Riemannian metric (7 on M such that (/i, is a Morse- 
Smale pair. As in IPSScI we may use the solutions 7 : M — > M of 

(1.3) j{s) = -Vf/i(7(s)) 

to construct a chain complex expression of the quantum homology i?^, (M, Q) (g) A^^ 
as follows: For every integer k let us denote by 

(1.4) QCk{M,u;;h,g;Q) 

the set of all formal sums C = J2fi{{a A))=k ^ia,A)^ ® ^ ^^^^ ^^^^ ^ 
(Crit(/i) xr)fc |C(a,A) / 0, /i(a) -<?!>^(A) > c } is a finite set for all c G M. Here 
(Crit(/i) X T)k := {{a, A) G Crit(/i) x F \ ni{a,A)) := fi{a) - 2ci{A) = k}. 
The action of A^; on QC^,{M, Lo;h,g;Q) is given by 

(1.5) A*C= Yl ( Yl >^»(BAC{{-a)-b,B-A)]{b,B). 

The boundary operator 5^ : QCk{M,uj;h, g;Q) QCk_i{M,uj;h, g;Q) is 
given by 

(1.6) d^{{a,A)) = j:f.^,^^,ia)-iHa,b){b,A), 

where n{a,b) is the oriented number of the solutions of (1.3) from a to b. It is 
easily checked that A ★ C S QC^:{M,uj; h, g;Q) and that the latter is a graded 
vector space over A(^(Q) according to the multiplication defined in (1.5), and that 
0*^ is a boundary operator and also A^^ (Q)-linear with respect to the multiplication. 
Consequently, {QC^{M,uj;h,g;Q),d^) is a chain complex. Let us denote its 
homology by 

QH,{h,g;q) := H,{QC,{M,uj;h,g;Q), 3^). 

It is easy to derive from IISch4l that there exists an explicit graded A^^ -module 
isomorphism between QH^{h, g; Q) and H^{M ; Q) (g) A .,( i$ch2l ). 
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To construct an explicit A^^-module isomorphism between QH^{h,g;Q) and 
HF^{M, LO] H, J, u; Q) we shall associated two rational numbers n'^ (a, x'^{—A)) 
and n^S {a,x\l(-A)) in (3.2) to both {a, A) G Crit(/i) x T and x G ViH), and 
then mimic IPS Sell to construct formally two maps on the levels of chains 

(1.7) H{a,A)) = EMx)=M(a,A»<(«>5^tt(-^))x, 

(1.8) ^{x) = EM(a,A»=Mx)^-'(«'^«(-^))(«'^)- 

Indeed, in Remark 3.7 we shall show that $ and "if are -module chain homo- 
morphisms from (5C*(M, lo; h, g; Q) to C^{H, J, Q) and from C^{H, J, u; Q) 
to QC^{M, uj; h, g; Q) respectively. Our main result is: 

Theorem 1.1. $ induces a K^-module isomorphism 

: QH^{h,g-Q) HF4M,io; H, J,u-Q) 

with an inverse 

Remark 1.2. As concluding remarks we point out that Theorems 3.1, 3.7 and 
5.1 in |PSSc| may easily be extended to any closed symplectic manifold. Such an 
extension of Theorem 3.1 was actually carried out in |LiuT3|. Following the lines 
in |PSSc| and combing the methods in |LiuT3| with ones in this paper we easily 
complete the extension of Theorem 5.1 in iPSScil to arbitrary closed symplectic 
manifolds (in fact, a long exercise). As a consequence we get that the isomorphism 
in Theorem 1.1 is also the ring isomorphism. 

Section 2 introduces the moduli spaces of stable disks and constructs the virtual 
moduli cycles associated with them such that they are compatible with Liu-Tian's 
relative ones. Section 3 deals with the intersections of these virtual moduli cycles 
with stable and unstable manifolds. The proof of Theorem II. H is completed in §4. 

Acknowledgements. The author is very grateful to Professors Gang Tian and 
Dietmar Salamon for their helps in my understanding for Floer homology in past 
years. He would also like to thank Professors Dusa McDuff, Yong-Geun Oh, Yuli 
B. Rudyak, Matthias Schwarz and Claude Viterbo for sending me their preprints 
on Floer homology and Arnold conjecture. Finally, he is also grateful to referees 
for their many very good improvement suggestions. 

2. The disk solution spaces and virtual moduli cycles 

2. 1. Moduli space of stable disks. We begin with the disk solution spaces intro- 
duced in [PSScJ. For J G J{M,uj) and [x,v] G V{H) let M+{[x,v]]H, J) be 
the set of all smooth maps u : M x 5"^ — > M such that 

(2.1) dsu[s, t) + J{u){dtu - P+{s)XH{t, u)) = 0, 
n(+oo) = X and E^{u) := Jq \dsu\'jijdsdt < +oo, 

(2.2) u^{—v) : S"^ ^ M represents a torsion homology class in H2{M; Z). 
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Here a smooth cut-off function /3+ : R ^ [0, 1] is given by 

/3+(s) = | J , 2>/3;(.)>0, forO<.<l. 

Since E^{u) < +oo, u extends over the end of s = — cxd by removable sin- 
gularity theorem. So the connected union u]^{—v) in (2.2) is well-defined. If 
A4-^-{[x,v]■, H, J) / its virtual dimension is dimM — fi{[x,v]). 

Correspondingly, for [x, v] G ViH) we denote by M-{[x, v\; H, J) the set of 
all smooth maps u : M x S*^ — > M such that 

(2.3) dsu{s,t) + J{u){dtu - (3+{-s)XH{t,u)) = 0, 

n(— oo) = X and E-{u) := J^^Jq \dsu\'^jdsdt < +oo, 

(2.4) v^u : S'^ ^ M represents a torsion homology class in H2{M; Z). 

Similarly, if A4_([x, v];H, J) 7^ its virtual dimension is /u([x, v]). As above we 
here have extended u over the end of s = +00. Recall that: 

Definition Z.K ILiuTll '). Let (S, I) be a semistable -curve with = zi, ■ ■ ■ , 
ZNp+i = ^;+, as those double points connecting the principal components(cf. 
Def.3.1 in [LiuT2]). A continuous map / : S \ {zi, • • • , ZjVp+i} — > M is called a 
stable (J, i7)-map if there exist [xi,Vi] € V{H), i = 1, - ■ ■ ,Np + l, such that: 

(1) on each principal component Pi with cylindrical coordinate (s,t) (ob- 
tained by the identification (Pj \ {zj, Zi+i}; /j) = (M x = 0})), 
/f = /|p,-{^.,^,+i} satisfies: 

(i) dsff + JifHdtff + yH{ff) = 0, and 

(ii) lims^_oo /f (s, = a;i(i) and lim^^+oo /f (s, = Xi+i{t). 

(2) The restriction /^^ of / to each bubble component Bj is J-holomorphic; 

(3) [vi+i] = [vi] + [/f ] + Y.j[fi^j] as relative homology class of (M,Xi+i), 
where the domain of fj^- may be joined to Pi by a chain of the bubble 
components not intersecting with other principal components; 

(4) All homotopically trivial principal components or homologically trivial 
bubble components are not free. 

The equivalence class of / = (/, S, i) is denoted by (/, S, /) or simply (/)( see 
E^iuTll for its definition). To compactify the disk solution spaces we introduce: 

Definition 2.2. Given a [x,v\ G V{H) and a semistable ^-curve (S,Z), a 
continuous map / : S \ {z2,--- , z^^+i} — > M is called a stable {J,H)^- 
disk with cap [x,v] if there exist [a^jjWj] € V{H), i = 2, ■ ■ ■ , Np + 1, with 
[x, v] = [xNp+i,VNp+i], such that: 

(1) on each principal component Pi {i > 1) with cylindrical coordinate [s, t), 

ff = f\p,-{z„z,+i} satisfies (i) (ii) in Definition 2.1(1), but f[ does (2.1) 

and ff (+00) = X2 and E^{ff) < +00. 
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(2) If Np > 1, for each i > 1 as relative homology classes of (M, Xj+i), 
b.+i] = [v.] + [ff] + and [^2] = [/f ] + j:j[ff,j]- 

(3) All requirements for the bubble components ffj in Definition 2.1(2)(4) 
still hold. Moreover, all homotopically trivial principal components ff {i > 
1) are not free and do not appear in the next way. 

Remark 2.3. Actually, may not be constant. So, if / has at least two com- 
ponents then there exist at least two nonconstant components. This also holds for 
in the following Definition 2.4. The energy of such a map is defined by 

(2.5) E^U) = Y.IL \dsf['\ldsdt + Y.I (&^- 

Definition 2.4. Given a [x, v] € V{H) and a (S, /) as before, a continuous map 
/ : Il\{2;i, • • • , ZNp} ^ M is called a stable (J, ff)_ -disk with cap [x, v] if there 
exist [xj, Vj] G ViH), z = 1, • • • , Np, with [x, v] = [xi, f i], such that: 

(1) On each principal component < Np) with cylindrical coordinate 

(.,t), /f = f\p^ 

-{zi,Zi+i} satisfies (i) (ii) in Definition 2.2(1), but 
does (2.3) and ff^{-oo) = XNp and E-{ff^) < +oo. 

(2) If A'p > 1, for each 1 < i < A'p — 1, as relative homology class of 
(M,x,+i), N = h+iHifn + Ejifl'j] and [vNp] = [ffJ+ZjifiJ- 

(3) All assertions for the bubble components ffj in Definition 2.1(2)(4) still 
hold. Moreover, all homotopically trivial principal components ff {i < 
Np) are not free and do not appear in the next way. 

We still define the energy E^{f) of such a map by the right side of (2.5). As 
before we may define their equivalence classes. Let us denote by (/, S, /) or simply 
(/) the equivalence class of (/, S, /). The energy of (/) is defined by that of any 
representative of it. The direct computation shows that 

(2.6) S±(/±)<^^^^([x,^;])+maxIF|. 

The notions of the (effective) dual graph for the stable (J, ff)-|- -disks may also be 
defined with the same way as in [LiuTl]. Let M.±{x; H, J) be the spaces of the 
equivalence classes of all (J, ff)-|--stable disks with cap x respectively. By (2.6), 

(2.7) ± / w*cj > -2max|if| as 'M±{[x,v]; H, J) ^ 

One may equip the weak C°° topology on M.±{x; H, J) according to the defi- 
nition given by (i)(ii)(iii) above Proposition 4.1 of fLiuTTl unless we allow the 
compact set K in (ii) to be able to contain the double point z_ (resp. z+) on 
the chain of principal components of the domain of (uoo) € Al+(x; H, J) (resp. 
Ai-{x; H, J)). Carefully checking proof of Proposition 4.1 in ILiuTll we have: 
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Proposition 2.5. The spaces M.±{x; H, J) ^ M.±{x;H, J) are compact and 
Hausdorjf with respect to the weak -topology. 

Notice that we have two natural continuous maps 

(2.8) EV±(x) : M±[x; H, J) ^ M, (/±) ^ f±{z^) 

with respect to the weak C°° -topology. Correspondingly, the notions of the dual 
graphs of the stable (J, i/)-|- -disks with a cap x may be introduced in the similar 
ways. Let V±{x) be the sets of their dual graphs respectively. Both are finite. 

Now we are in the position to introduce the notions of positive and negative 
L^-stable disks with cap x. As usual it is always assumed that — | > 1. In 
principle, we may proceed as in |Liu*^. For example, for each e ^+(^) let 
(/, S, /) be a stable (J, if)_|_-disk as in Definition 2.2 and with the dual graph D^. 
Then a positive L|-stable disk with cap x and of is a tuple (/, S, /), where 
/ : S \ {z2, • • • , ZNp+i} — > M is locally map such that (3) (4) in Definition 
2.2 and the following are satisfied: 

(1)' ff = f\p--{zi,Zi+i}i''' > 1) satisfy (i) in Definition 2.2(1) and suitable 
exponential decay condition along ends Zi and Zj+i as in [LiuTl], but ff only 
satisfies lims^_|_oo ff {s, t) = X2{t) and the exponential decay condition along the 
end Z2- 

We still define its energy E+{f) by (2.5). The equivalence class of it can also 
be defined similarly. Denote by ]3^^{x; H) the sets of equivalence classes of those 
L^-stable disks with cap x and of the dual graphs in 'D±{x), and whose energy are 
less than ^Th{x) + max \H\ + 1 (because of (2.6)). As in [Liu^Q one can equip 
the strong L^-topology on small neighborhoods 'W±{x;H, J) of M.j^[x] H, J) 

m BP^\x,H) and prove that it is equivalent to the above weak C°°-topology on 
M.±{x;H, J). Once these are well defined we may use Liu-Tian's method to 
construct the virtual moduli cycles 

(2.9) Twf (x;//,J) = ^ ^{Tij ■.Mi{i;H,J)^W+{i-H,J)} 
of dimension dimM — ^(x) in yV+(x; H, J), and 

(2.10) A7^(x;F,J) = ^ ^{^J : M''_I {i;H,J) ^W^{x;H,J)} 

of dimension ii{x) in W_(x;iJ, J) (cf. rLiuTl"LiuT21 and fLiuTTl). It should 
also be pointed out that the maps EV-t in (2.8) can naturally extend onto the 
spaces W±{x;H,J). By composing them with the obvious finite-to-one maps 
from M'^^{x]H,J) to 'W±{x\ H, J) that forget the parameterization we get two 
continuous and stratawise smooth evaluations 

(2.11) EV^*(x) : AT±*(i;i/, J) ^M. 
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Notice that the choices of different small u give the cobordant virtual moduli 
cycles {x; H, J) and corresponding evaluations EV^ . 

However, notice that the boundary operator in (1.2) depends on the choice 
of v. As pointed out below Remark 4.2 of fLiuTll, for in (1.2) being indeed a 
boundary operator the choices of u in all relative virtual moduli cycles A4'^{x,y) 
(/^(x) — /i(y) < 2) must satisfy suitable compatible conditions, i.e., 

(2.12) d{C(M''^'^\x,y)) = C(M''^''\x,S)) x C (M''^'^\~z , y)) 

^t(i)=^t(i)-l 

holds for all pairs (x, y) with fi{y) — /i(x) = 2. Now in order to guarantee that the 
maps $ and ^ constructed in (1.7) and (1.8) commute with and the boundary 
operator d'^ in (1.6), we also need carefully choose in (2.9) and (2.10) so that 
they are compatible with all v chosen in the definition of 9^ in (1.2) . 

2.2. Compatible virtual moduli cycles. In this subsection we shall first com- 
plete Liu-Tian's arguments in detail,i.e., proving (2.12), and then outline how to 

construct all virtual moduli cycles M-±. {x; H, J) compatible with all relative vir- 
tual moduli cycles in (1.2). For convenience of the later proof we need to recall 
briefly the construction of the relative virtual cycle C{M. {x, y)) in [LiuTl]. 
Step 1: Local construction. For a representative / of (/) G Ai{x,y; H, J) 
one may construct a stratified Banach orbifold chart {W{f),T f,7rf) around (/) 
in B{x,y) = B^{x,y), where = Aut(/). There exists a natural stratified 
Banach bundle £(/) W{f) with a stratawise smooth right Fj-action such that 
the usual -operator gives rise to a F j-equivariant stratawise smooth section of 
this bundle, still denoted by Bj^h- Let I denote the dual graph of / and R{f) C 
{C{fy) f be the cokernal coker^Dd j^h if))- Take a smooth cut-off function /3e(/) 
supported outside of the e-neighborhood of double points of the domain Sj. Then 
each u G Re{f) '■= {Pe{f) ■ ^ -^(/)} naturally determine a section of 
the bundle £(/) W{f), denoted by u, such that for each g € W{f) the support 
of i){g) € {C{f))g is away from the gluing region of the domain of g. 
Step 2: Global construction. By the compactness of M.{x,y; H, J) one can 
choose finite points (/i), • • • , (/„) such that the union W := ]^W^((/j)) is an 
open neighborhood of M.{x, y; H, J) and C := U™ ^£((/j)) is an orbifold bundle 
over W. LetAf{x, y) be the set of all subsets / = {ii, • • • , i;} of {1, • • • , m} with 
Wi := r\i(.iW{{fi)) / 0. Let vrj : W{fi) W{{fi)) be the natural projections. 
For each / € N{x, y) they defined the group F/ := HiG/ ^ fi ^'^'^ &oe.x product 

(2.13) W^' = [{ui)i^i ^Wwifi) I ^i{ui) = 7r,(n,) Vi,j G /}. 

Then the projection vr/ : Wj ' Wj has covering group Tj. Moreover, for 
J C I ^ J\f{x, y) there is an obvious projection vtj : VFJ^ — > W^'^ satisfying the 
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relation ttjovtj = ttj. Repeating the same construction from C{fi) one obtains the 
bundles and thus a system of bundles {C^ , W^) = {{C^j' ,Wj'),7ri, vr^ | J C 
/ € J\f{x,y)}. Take open sets CC W{{fi)), i = 1, ■ ■ ■ ,m and the pairs 
of open sets W- CC i,j = I,-- - ,m, such that Uf^-^Wl still contains 
M.{x, y; J, H) and that 

(2.14) Wl CC U} CC Wf ddUf-- - CC CC W{{fi)). 

In ILiuTlL for each I € AA(x, y) with cardinal number |/| = k, they defined 

(2.15) Vi = n^^iW^ \ U|j|>,.c/(n)gjC/;) 

and proved that the open covering {Vi \ I € N{x, y)} of M.{x, y; H, J) satisfies 

Vi cWi^I eAf{x,y), and 
^ ' Cl{Vi) n Cl{Vj) + only if / cJoiJ Cl. 

Set Vi = {■Ki)~^{Vi) and Ei = (7r/)^^(£|y^), one gets a system of bundles 

(2.17) (F,yr) = |(^[^y/^),vr,,r,,7r5 | J C / € A/'(^, y)}. 

Taking Tj. -invariant stratawise smooth cut-off function 7(/i) on W{fi) such that 

(2.18) 7(/i) = 1 in ^i\wr), 

then each Vi G Re{fi) determines a smooth global section of {E^ , V^). Set 

(2.19) RKifi}) = e ellii?e(/^) I Iz^l < 6} 

for a small 6 > 0. The bundle system (^'^ x ^{{fi}),V^ x i^Ki/O)) has a 
well-defined global section 

m 

(2.20) Bj^H + e : {ui, u) ^ Bj^hui + ^{iyi)i{ui). 

i=l 

for any {ui,v) = (n/,(z^i,-- - ,Urn)) G V/ x Rl{{fi})- Moreover, each v G 
Rl{{fi]) yields a smooth section 5;^^^ = {{B^'jh)! \ I G AA(x, y)} of (^r, F^), 

m 

(2.21) (9},h)/(^^/) = + Y,{^i)l{ui) yui G y/. 

i=l 

Theorem 2.6( iLiuTll ). The section in (2.20) is smooth and transversal to the 
zero section. Therefore when 6 > is small enough, for a generic choice of v ^ 
i?^({/j}) the section B^ ^ is transversal to the zero section. Thus the family of per- 
turbed moduli spaces M" = M^ix, y) = {M^j = iBjH)J^{0) \ I G M{x, y)} is 
compatible in the sense that TT^jiM'i) = n (Imvr^) for allJ C I e M{x, y). 
Let be given by (2.14). For sufficiently small v we can also require that 

(2.22) >(y c r\i^i7ir\wr). 
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Let (resp. A^^'^^) be the top strata (resp. the strata of "broken" con- 

necting orbits) of M^j. Then M'"/ := M"/^^ U M"/^'' is a smooth manifold 

of dimension — — 2 and with boundary dM^f'^ = Ai'^j'^^ . Formally 
writing 

the former was called the relative moduli cycle in ILiuTll . Later we call the com- 
patible family Ai'^{x,y) in Theorem 2.6 a derived family for C{A4'^{x,y)) and 
Ai^^x, y). It is clear that C{M'' {x, y)) = M'^{x, y) in the case — < 2. 

For the sake of clearness C{M^ {x, y)) will be denoted by C[M.'^^^^\x, y)) be- 
low. If iJ,{x) — ix{y) = 2, then for every z G V{H) with fi{x) — fi{z) = 1 one has 

also the associated relative moduh cycles C{M'^^^^\x, z)) and C{M'^^^^\z, y)). 
The relative virtual moduh cycles satisfying (2.12) are called compatible. 

Proof of (2.12). To construct such relative virtual cycles, note that there are only 
finitely many z G V{H), saying zi,--- ,Zr, such that = — 1 and 

Mix.-z.-H.J) + 0, M{~z^,y-^,J) / for g = I,-- - ,r. Let (/i'"^) G 
M{x,Zg;H,J) and (//^''^) G M{zg,y; H, J), s = I, ■ ■ ■ ,mg, t = 1, ■ ■ ■ ,ng, 
be finite points from which one may construct the relative virtual moduli cycles 

(2.23) C(M''^''^\x,Zg))= Yl -^^f'^''^' 

I(iN{x,Zq) \^I I 



(2.24) C{M^^'^'\zg,y)) = E ' 

IeJV{zq,y) \^I I 

For the future convenience we assume that for g = 1, • • • , r, 



(2.25) 
and 
(2.26) 



CCVF™H(/i^^)))CCW^((/i'^^)), s=l, 



CC ^))) CC VF((/f «))), t = l,.-- ,ng, 



are respectively the open sets as defined in (2.14) that are used to construct the 
relative virtual moduli cycles in (2.23) and (2.24) above. By (2.15)-(2.17) we 
get the corresponding bundle systems (£''"*^''\ y'"*^'^ ) and {E^^'^''\v^^'^''^), q = 
1, ■ ■ ■ , r. As in Theorem 2.6 let 



uiiZg) = (BTlMS^Zg)s G RUifi''^} 

K^.y) = ©riiK5.y)*ei2K{/f^}) 
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be such that the smooth section d'f^^''^ of the bundle system (£^^'^''' , T/^'^''') and 

thata;;^!'^^ of{W'\v^^'' ) are transversal to the zero section respectively. Here 

v{xzq)s G Reifs^'^^) and u{zgy)t G R^ift^'^^), s = 1, • • • , and t = 1, • • • , n^. 
In fact, as in (2.21) we can also require v{xzq) and y{zqy) so small that 

C ae/(vr^VnW^"'((/i''^))) V/ G AA(i,5,), 

For g = 1, • • • , r we set f[f := fi^''hzjf'^\ s = 1, • • • , m,, t = 1, • • • , Tig. 
Clearly, these {fgf) belong to A4{x,y; H, J). Moreover, the automorphism group 
r^j^ of fgl^ may be identified with the product r^^'^^ x of the automorphism 
group ri^'^^ of /i^'^^ and that r[^''^ of /^^'^^ By the construction of the local uni- 
formizer in §2 of ILiuTll we easily construct a uniformizer W{fgf) such that 

(2.28) W^(/i'^))ttW^(/f '^) C W^(/if ) 

and that the restriction of T^f -action over W{fif) to W^(/i^'^^)tt^^'(/f ^^) is ex- 
actly that of ri^^^ X rp^^ over w'(/i^''^)ttW^(/f '^^) in the obvious way, where 
W{fs^'^^)^W(f^'^'^^) denotes the set of all join functions at Zg of functions in 
W{fs^'^^) and H^(/t^^''). (One may increase nig, Ug and shrink W^(/i^''^) and 
W{f^'^'^^) if necessary.) Since each A4{x, Zg] J, H)]\M-{zq,y; J, H) is compact 
and L}g^iM{x, Zg] J, H)'^A4{zg,y; J, H) are disjoint unions we can require that 

the above uniformizers VF(/s^^) satisfy 

(2.29) W{fif)nW{ffJ)=^ yq^q'. 

By the definition of the index set J\f{x, y) above (2. 13) it easily follows from (2.29) 
that the corresponding index set Af^{x, y) with the collection {W{f^f) | 1 < s < 
mg, I < t < Uq, l<g<r} must have the following form 

(2.30) M\i,y) = Ul=^M{i,Zq)xM{zq,y). 

Notice that every W{{fg1^)) determines an open neighborhood W{{f^f))i of 
(/i^'^))ini3(x,z,)by 

{{gi)GBixrz,) I 3{g2)GBizg,y)s.t. {gM B{S:,y) nWifif)] 
and that W{{fif))2 of {f^^"^) in B{zg,y) by 

{ (52) G B{2g,i) I 3(51) G B{x,2g) s.t. {gM G B{x,y) n W{fj,f) }. 

Thus (2.28) implies that VF((/i'^))) C VF((/if ))i and T^((/f '))) C VF((/if ))2 
for all q, s, t. By this and (2.25)(2.26) we can, as in (2.14), choose pairs of open 
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sets W^{{f^^)) CC UHifif)), j = l,-.. ,m = Y.[=i m,n„ such that 



(2 31) )) CC W\{flf)) ■ ■ ■ 

CC tF'"((/i?)) CC W{{fif)) 

and that W"^^ {{fi^"^ )) C W\{flf))i and lF"H(/f''^)) C W\{flf))2 for all 
g, s,t. As in (2.15) and (2.17) we use (2.30) and (2.31) to construct a bundle 
system 

{E,V) = {(^7ix/2,F/ix72) I ^1 X /2 G A/^(x,y)}. ^ 
As in (2.18) we take T^f -invariant smooth cut-off function 7(/if ) on W{{flf)) 

such that 7(/i^^) = 1 in (vr^t)~H^'"((/if )))■ Note that the supports of v{S:i^)s 
and v{zqy)t in (2.27) are away from double points on their domains. So the support 
of iy(xy)lf := i'{xzq)s'^v{zqy)t is away from all double points of the domain of 
/if and thus v{xy)% sits in the fibre of at L^_,(AO'i((/if )*rM)). 

As before we can use ^{fgf) and to get a global section 

of the bundle system {E, V). Let us set 



Q 

St- 



u{xyf =^^Y^ v{xy)lt and v{xyf =^^Y^ v{xy) 

q=l s=l t=l q=l s=l t=l 

As in (2.21) we get a global section of the bundle system {E, V), 
Then it easily follows from (2.29) and the choice of this section that 



for /i X /2 € A/'(x, Zq) X M(zq, y), and that each section {dj^^^^ )/i x/2 is transver- 
sal to the zero section at all points of 

The last set consists of all points {us'itVt)(^s,t)eh xh 

{s,t)ehxi2 

such that TTgf {ug^Vt) = tt^JI {ug/'^vti) for any (s, t) and (s', t') in /i x I2. By the 
stability of a surjective map under small perturbation we can show that there exists 
a r^^^^j^ -invariant open neighborhoods of AI^^'^^'^^fjAlj^^^''*^ in Vi^xh' 

(2.32) V^/°x7, CCy/ix7. 
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such that the section {dj^^^^ )h^h transversal to the zero section at points of 
(2.33) V}^.i,^MfX- 

So the space in (2.33) is a cornered and stratified Banach variety that has the di- 
mension given by the Index Theorem on all of its strata. Moreover, the collection 

[M\fX Ihxhe Afix,zg) X Af{zg,y)] 

also satisfy the compatibility as in Theorem 2.6. In particular the open neighbor- 
hoods in (2.32) may be chosen to guarantee that the collection 

{Vi\xi, n M^t Ui X ^2 G M{x, z,) X Afiz,, y)] 

satisfies the compatibility. Note that the projection image of V^^^j^ n ■M'^j^^J'j^ in 
B{x, y) is not compact in general (unlike in Theorem 2.6). We denote by 



the union of the top and 1-codimensional strata of ^ ■^'ifxh ' ^ 

smooth manifold with boundary of dimension ijl{x) — uly) — 1 that is contained 
in the smooth locus of x/2 ^ -^/i x/i that has the boundary 

if Ii X I2 & Af{x, Zq) X Af{zq, y). In the following we shall extend 

[v},^i,^MfX\h><heM{x,yf] 
into a virtual moduli cycle for y; J, H) under condition that 

{V}%,,n^f;f |/ix/2GAA(x,y)0} 

is not changed. Since both M (x, y; J, H) and 

U^=i>l(x, Zq, J, H)iM{zq, y; J, H) 
are compact we can take points {hi), - ■ ■ , [hm) in 

M{x, y; J, H) \ Vfq={M{x, ~Zq, J, ii)UA{zq, y; J, H) 

and their open neighborhoods W{{hj)) = 'iT^^{W{hj)), j = 1, • • • , n, in B{x, y) 

such that all W{{hj)), W{{flf^)) form an open covering of Ad{x, y; J, H) satis- 
fying the conditions for the construction of the virtual moduli cycle above. Let us 
choose T/i^. -invariant smooth cut-off functions ^{hj) on W{hj) such that 

7rj(suppt(7(/ij))) n = VI < j < n,Ii X I2 G N{x,yf 

where Vi^xh projection image oiVj^^j^'mB{x,y). 
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Let {E{xy), V{xy)) and AA(x, y) be the corresponding bundle system and index 
set to this covering. Assume that 



i^ixy)l = {{u{xy)%)i\IeM{x,y)] 



is a global section of this bundle system obtained by the cut-off function ■^{f%) 
and i'{xy)lf as in Step 2. Of course, for each vj G Reihj) we still denote by 
Uj = {(z^j)/ I / G M{x,y)} the global section of {E{xy), V{xy)) obtained from 

7(/ij) and Uj as below (2.18). 

For (5 > we assume that Z^{{hj}) is a (5-neighborhood of zero of ©jLi^e(^i)- 

As before we have a bundle system [E{xy) x V{xy) x Zl{{hj})) and 

a well-defined global section of it 

r iriq riq 



dj,H + e: {ui,u) ^ dj^HUi + ^iiyj)i{ui) + ^^^(u{xy)lfj ^{ui) 



j = l q=l s=l t=l 



for (m/,!/) = (n/,(i/i,--- ji^n)) £ V{xy) x Notice that our choices 

above imply this section to be transversal to the zero section for 5 > small 
enough. It follows that for a generic choice of v G Zg{{hj}) the section of 
{E{xy), V{xy)) given by 



(2.34) ui ^ dj,Hui + Y,{i>j)i{ui) + Y.^<'^y)'t)i{y'i) 

j=l g=l s=l t=l 

for ui G V{xy)i, is transversal to the zero section. 

Setting i^{xy) := (e^^^ ®tli^i^y)tt) ® (©"=1^^^) then it belongs to 

(0^=1 e^Ji ®ZiReif^"'^meifi^''^)) e i®]=,Reihj)), and the section 



of {E{xy), V{xy)) is transversal to the zero section. Here (5^^^^^^)/ is given by 

(2.34). Denote by C{M'^^^^^ {x, y)) the virtual moduli cycle constructed from this 
section. It is easy to see that its boundary is given by 



1 a7^(*^<;)'^th 'i^'^{zqy),DT 

■:u) \ 

which may be identified with 



g=l h&M{x,Zq) l2eAr{zq,y) ^ h ' h I 

But the latter is just E^=i C{M''^^'^''\x,Zg)) x C(Al''^^'^^(z5,y)). (2.12) is 
proved. □ 
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Now we first construct all relative virtual moduli cycles C{M'^ ix,y)) for 
all X, y € 'P{H) with fi{x) — fi{y) = 1, such that 



for any A ^T. Then we follow the above methods to construct all relative virtual 

moduU cycles C(M'^^''^\x, y)) for all x,y e V{H) with - = 2. Such 
the family of the relative virtual moduli cycles is compatible and thus satisfies the 
requirements in the definition of d^. 

Remark 2.7. As in fLiuTT| and fLiuT^l we need the virtual moduli cycles of 
dimension more than one in this paper, and can use the notion of local components 
in ILiuT3l to construct a desingularization of the bundle system , W^), a new 
bundle system {C^ ,W^) = { {C^/ , wj' ) | / G Af{x, y) } such that each (resp. 
W^') is a stratified Banach manifold (resp. bundle). Then replacing {£F ,W^) 
everywhere by {C^ , W^) in the previous construction of the virtual moduli cycles 
one can get a virtual moduli cycle 



make suitable modifications for the above arguments and in the case //(i) — = 
2 obtain the conclusion corresponding with (2.12), i.e.. 

Hence we can replace ^C(M''^^^\x, y)) by iM''^^^\x, y) in (1.2). 

Now we begin to construct all virtual moduli cycles M.j^ (x; H, J) in (2.9) and 
(2.10) which are compatible with the relative virtual cycles used in (1.2). We only 

consider M.'^j^ {x; H, J). Denote by TM'^ {x; H, J) and BM.'^ (x; H, J) its top 
strata and 1-codimensional strata. If dimA^^j^ {x;H,J) = dimM — > 0, 
then any element of BM_^ (x; H, J) must have a form = {h^,g). Here 
g G M''jl{y,x;H,J) a.nd^{y)-fi{x) = 1, and/i+ G TMj^^ {y;H, J). So we can 

construct each M\ (x; H, J) inductively with respect to dimM — /i(x). In fact, 
if these have been constructed for dimM — /i(x) = 0, then for each x G ViH) 
with dimM — /x(x) = 1, we can use them and M.'^{y, x; H, J) used in (1.2) to 
construct 



BM'^ix-H^J) := U^(j^)=^(s)_i™f (y;i/, J) x M^y.x-H^J). 
Next as done in the proof of (2.12) we can extend BM'^_^ (x; H, J) into a derived 
family M.\ (x; H, J) = {M^ (x; H,J)\I e A/'+(x)} for a virtual moduU cycle 



(2.35) 



mM''ix,y))) = ^(ciM''m-A),m-m) 
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M\ {x;H,J). Let {M'^_^ {x;H,J) \x € V{H)] be all virtual moduli cycles 
constructed by induction. Then it holds that 

[i- H, J) = U^(j;)=^(i.)-irAlf (y; H, J) X M^y, x; H, J). 
Consider the natural orientations on them again we can write 

(2.36) BMl\x-H,J)= Yl ^{C(M\y,m-TM'Ciy;H,J). 

ti{y)=fj,{x)+l 

Here the rational numbers \i{C{M'^{y, x))) is as in (1.2), and the identity in (2.36) 
is understood as follows: Since the sums at the right side of (2.36) are finite we 
can take L > to be the smallest common multiple of denominators of all rational 
numbers jj(C(A4 {y, x))). Then (2.36) is equivalent to 

L-BMl\s:;H,J)= ^ (L ■ ^iC(M\y, x)))) ■ TM+ {y; H, J). 

fj.{y)=fi{x)+l 

For this identity the left side is understood as the disjoint union of L copies of 

BM._^ (x; H, J), and the right side is also the disjoint union that contains, for each 

y= [y,u] with/x(y) = /i(x) + l, L-^{C{W {y,x))) copies of TM"^ {y; H, J) 

as ^{C(M''{y,x))) > 0, and {-L)-l{C(M''{y,3:))) copies of TM"^ {y; H, J)* 

as ^{C(M''{y,x))) < 0, where TM''^{y;H, J)* is TM"^ {y-H, J) with the 
orientation reversed. In other words, it is understood as the topological sum. With 

the same methods we can construct the compatible AA'^_ {x; H, J) and obtain 

(2.37) BM'C {x]H,J) = UC(M''ix,z)))-TM'C{z;H,J). 

3. The intersections of virtual moduli cycles with stable and 

unstable manifolds 

For the materials on Morse homology the readers may refer to fAuB" Schll and 
|Sch4'l. Given a Morse-Smale pair {h,g) on M with h € 0{hQ) the stable and 
unstable manifolds of a critical point a € Crit(/i) are given by 

W'ia, h, g) := {7 : [0, 00) ^ M | 7(5) + V%(7(s)) = 0, -f{oo) = a}, 
W^"(a, /i, g) := {7 : (-00, 0] ^ M \ 7(5) + V»/i(7(s)) = 0, 7(-oo) = a}. 

There are two obvious evaluations 

i?f:Ty^(a,/i,g)^M, 7^7(0) and 
^ ' i?^Ty"(a,/i,g) ^M, 7^7(0). 

Both are also smooth embeddings into M. Throughout this paper we fix orien- 
tations for all unstable manifolds W'^{a, h,g), then the orientation of M induces 
orientations for W^{a, h, g) and W^{a, h, g) fl W^{b, h, g). We wish to study the 
intersection numbers of the maps in (2.11) and (3.1) under some conditions. As 
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usual we need their compactifications of the following versions. Consider the dis- 
joint union W^{a, h, g) := W'^{a, h, g) U SW^{a, h, g), where SW^{a, h, g) is 
the disjoint unions 

UMa^aA^.g) X ••• xMa^_^,aAh,g) X H^"(ai, /i, g) 

for all critical points ao = a, • • • , with the Morse indexes /i(ao) > ' " " > /^(oi)- 
Similarly, in the disjoint union W [a,h,g) := W%a,h,g) USW {a,h,g) the 
second set SW'^{a, h, g) is the disjoint unions 

UW'{auh,g) X Ma,^a,_AKg) x ••• x Ma,,a{h,g) 

for critical points with the Morse indexes /i(ao) < • ■ ■ < ^{ai). 

As usual the compactness and gluing arguments in Morse homology (see l AuBII 
and ISchl |) give: 

Lemma 3.1. The sets VF"(a, h, g) and (a, /i, g) may be topologized with a nat- 
ural way so that they are the compactifications ofW^{a, h, g) and VF*(a, /i, g) re- 
spectively, and that dW {a,h,g) = SW {a,h,g) and dW {a,h,g) = SW (a, 
h,g). Moreover these compactified spaces both have the structure of a manifold 
with comers, and maps and may smoothly extend to them, denoted by E^ 
and E^, which also give natural injective immersions from these two compactified 
spaces into M. 

The following lemma, slightly different from Theorem 4.9 in ISch4l . may be 
easily proved (cf. |Lu2|). 

Lemma 3.2. Let TZ be the set of all Riemannian metrics on M. Then for any 
smooth map x/rom a smooth manifold V to M there exists a Baire subset {O x 
7^)rcg C ©(/lo) X such that for each pair {h,g) € (0(/io) x 7^)rcg and a € 
Crit(/i) the maps E^ and E^ are transverse to X- Consequently, the spaces 

Mlaih, g) := {(P, 7) e y x M^^(a, h, g) \ x{p) = El{^) = 7(0)}, 
Ml,{h, g) := {(p, 7) e y X W^ia, h, g) \ x{p) = E^i^) = 7(0)} 

are respectively smooth manifolds of dim V — and dim V + /u(a) — 2n. 

As usual, if V, M, W^{a, h, g) and W'^{a, h, g) are oriented then M-^.^ih, g) 
and M.'^.a{h,g) have the natural induced orientations. Specially, if J\A^^.^{h,g) 
and 5) are of dimension zero we have the oriented intersection num- 

bers X • -E'a and X ' which counts the algebraic sum of the oriented points in 
M.^^.^{h,g) and M.'^.a{h,g) respectively. Note that the 1-codimensional stratum 
of W^{a, h, g) (resp. W^{a, h, g)) is given by 

n{a,h)-W^{b,h,g) Tresp. n{c,a) ■W'{c,h,g)\ 

li{b)=tM{a)-l ^ ti{c)=ti{a)+l ^ 

where n(a, 6) and ?i(c, a) are as in (1.6). 
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Since there are only countable manifolds involved in our arguments using Claim 
A. 1.1 1 in |L01 we may always fix a /i e O{ho) such that all transversal arguments 
hold for a generic Riemannian metric g on M. By lemmas 3.1 and 3.2 and these 
remarks we immediately obtain: 

Proposition 3.3. If fj,{a) = fj,{x) then for a generic Riemannian metric g on M 
the maps and EV'^^(x), and and EV^ (x) are transversal, and their 
intersection numbers are the well-defined rational numbers E^ ■ EV^ (x) and 
E^,.EY'L{x). 

From now on, for the sake of clearness we denote by 

n'^^\a,x)^nl''{a,x;H,J-h,g) := ^^ EV^;^ (i), 
^ ' ' n''_ (a, x) = n'i (a, i; H, J; h, g) := E'^ ■ EV'i (i). 

The standard arguments show that these numbers are independent of small regu- 
lar u^. Later, we state no longer this and often omit without occurrence of 
confusions. It easily follows from (2.7) that: 

Proposition 3.4. If n±{a, [x, v\) / then ± v*uj > —2 max \H\. 

Using (2.36), (2.37) and lemmas 3.1 and 3.2 we may obtain the following two 
results: 

Proposition 3.5. If fi{a) — ^{x) = 1 then for a generic Riemannian metric g on 
M the fibre product 

W{a, h, g) X ^„^Ev.+ (^.) A^'T (^5 J) 

is still a collection of compatible local cornered smooth manifolds of dimension 1 
and with the natural orientations. Its boundary is given by 

{y^^,{b)=^,{a)-ln{a,h) ■ [Wih^h^g) x^„^j^^,+ ^_^ AT'f (i; iJ, J)))u 

(- U^(y)=^(£)+i ^{C{M' {y,x)))-(^ {a,h, g) x ^ _^ AT+ {y;H,J))). 

Notice that the projection onto M x yV+(x; H, J) of this set is a finite set. Let us 

denote by '^{d{W^ {a, h, g) x = + A4^ {x;H,J))) the number of elements 

of this finite set counted with appropriate signs and rational weights. Then this 
number must be zero, and it follow that 

^ n(a,6)-n;^(6,x)= ^ (a, y) ■ tJ(C(AT"(y, x))). 

/i(fe)=^(a)-l t^{y)=^l(x)+l 

Remark that the fibre product in Proposition 3.5 has boundary. But we assume 
its dimension to be 1. Hence its boundary agrees with the 1-codimensional stratum 
of the fibre product. This remark is still valid for the following proposition: 
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Proposition 3.6. If fj.{x) — fj,(a) = 1 then for a generic Riemannian metric g on 
M the fibre product 

W\a,h,g) X TW^l {x;H,J) 

is a collection of compatible local cornered smooth manifolds of dimension 1 and 
with the natural orientations. Its boundary is given by 

{^^,{a)=^,(b)-ln{h,a) ■ {W'{h,h,g) x^„^j^^,-^.^ AT'I J)))u 
(- UMi)=M£)-i '^{C(M\i. m ■ (W"(a, h, g) x^_^^._- TM^ (5; J))) . 

Consequently, jj(9(VF^(a, h, g) x^^^^^^- ^..^ {x; H, J))) = implies that 

UC(M"{x,m-n'i{a,z)= Yl n'i{b,x)-n{b,a). 

Remark 3.7. Using Proposition 3.4 it is easily proved that $ and are A^^- 
module homomorphisms( see IILu2l '). Moreover, using Propositions 3.4, 3.5, 3.6 
and (2.35) we may prove that ^ o = o ^ and o = 9^ o ^ for ev- 
ery integer k. That is, <^ and also induce the homomorphisms between two 
corresponding homology groups( see ||Lu2J). 

4. Proof OF Theorem 1.1 

Theorem 1.1 may follow from the following Theorems 4. 1 and 4.9 immediately. 

Theorem 4.1. '^o^ is chain homotopy equivalent to the identity. Consequently, ^ 
induces an injective K^-module homomorphismfrom QH^, {h,g;<Q) to HF^ (M, to; 
H,J,u-Q). 

Proof. We shall prove it in four steps. 

Step 1. For every (a, A) G Crit(/i) x T with /i((a, A)) = k we have 

where m'^^_{{a, A); {b, B)) is given by 

(4.1) n''^Ua,n{-A))-n'C{b,x^{-B)). 

fj,{x)=k 

Notice here that (a, A) and (6, B) satisfy 

(4.2) n{a)-nib) + 2ci{B-A) = 0. 

Firstly, we claim that the sum in (4.1) is finite. In fact, if x G Vk{H) is such that 

(4.3) n:;+(a,xtt(-A)) • n'i{b,xU-B)) + 0, 
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by Proposition 3.4 we have 

(4.4) u{A) -2max\H\ < / v*uj < uj{B) + 2msiK\H\. 

It easily follows that the number of such ot & P{H) is finite. Let them be xi , • • • ,Xs. 
Then for a generic (h, g) G O{ho) x TZ, it holds that 

s 

(4.5) m;,_ ((a, A); {b, B)) =Y^ (a, x^-A)) ■ n^L (b, x^-B)). 

1=1 

Note that for each x G Vk{H) the product n'^ (a, xtt(-^)) • n^^~ {b, x'^{-B)) can 
be explained as the rational intersection number 

(4.6) {E- X E^) . (EVf (xtJ(-^)) X EY'C ms))) 
of the product map 

EV^(xtt(-^))xEVr(xti(-i?)) 

from 7W+^ {x'i{-A);H, J) x 7W!1 (xti(-S); i7, J) to M x M and the evaluation 

(4.7) X E', : |y"(a, /i, g) x W^'(6, h,g)^MxM 

for a generic (/i, g') G O{ho) x TZ. But the intersection number in (4.6) is the 
number of the oriented points with rational weights in the fibre product 

(4.8) {W''{a,h,g) xW\b,h,g)) x r (M+ A)) x M'^S {S:^{- B))) . 

Here R is representing EV*^^ x EV^ = E^^ x E^, and we have omitted H, J in 

^± 

M.± (• ; H, J). However, because of dimension relations the fibre product in (4.8) 
is an empty set for a generic (h,g) G O{ho) x 7?. if //([x,f]) ^ k. As usual we 
still understand the intersection number being zero in this case. Hence (4.1) and 
(4.5) become 

m-^^_{{a,A);{b,B)) 
^ ^ ^ =E,eP(H)(4" X ^t) ■ (EVf (xtt(-^)) X EVr (x«(-i?))). 

Step 2. We need to give another explanation of the intersection number in (4.6). 
To this goal we note that for a given D G F a positive disk ti+ G M+{y; H, J) 
and a negative disk u- G M-{y^{—D); H, J) may be glued into a sphere in 
M along y, denoted by u+'^u-. Using (2.2) and (2.4) one easily checks that 
it is a representative of D. Let us denote by Adoiy] H, J) by the space of all 
such it+t)it-. Clearly, it can be identified with the product space M+{y; H, J) x 
(yji(— D); H, J). Therefore, its virtual dimension is equal to dim M+2ci {D). 
We denote by 

MoiH, J) = u~^p^jj)^D{y; H, J). 



22 



G. C. LU 



As in (4.3) and (4.4) it is easy to prove that the union at the right side is only 
finite union. That is, there only exist finitely many yi, • ■ ■ , yr- in 'P{H) such that 
MDiw, H,J) j^il\fori = !,■■■ ,r. Thus 

(4.10) Md{H, J) = u[=iA^D(yi; H, J). 
In particular, (4.3) and (4.4) imply that 

(4.11) Mb-a{H, J) = uUMB-A{iM-Ay,H, J). 

Note that the right sides of both (4.10) and (4.11) are all disjoint unions. In order 

to compactify A4d{H, J) we introduce: 

Definition 4.2. Given y G P(-ff), D e T, a semistable J^-curve {T,,l) with at 
least two principal components (cf. Def.2.1), a continuous map / : 'E\{z2, ■ ■ ■ , ZNp 
} ^ M is called a stable (J, i/) -broken solution with a joint y and of class D if 

we may divide (S, /) into two semistable .F-curve (S_|_, /^) and (S_, /^) at some 
double point between two principal components, 2 < io < Np, such that 
and /Is are the stable (J, i7)+-disk with cap y and stable (J, i7)_-disk with 
cap y]\(—D) respectively. Furthermore, a tuple (/, S, V) is called a stable (J, H)- 
broken solution of class D if it is stable (J, iJ) -broken solution with a joint y and 
of class D for some y G V{H). 

It is easily seen that if a stable (J, i?)-broken solution (/, S, /) with a joint y and 
of a class D has at least three principal components then it is also such a broken 
solution with another joint different from y and of class D. As usual we may define 
the equivalence class of such a broken solution in an obvious way. But it should 
be noted that two equivalence classes of a given stable (J, iJ)-broken solution 
(/, S, V) with a joint y as a stable (J, iJ)-broken solution with a joint y and as a 
stable (J, i^)-broken solution are same. We still denote by (/) the equivalence 
class of {f,T,,l). Define the energy of such a (/) by ED{{f)) = Eoif) = 
-E+(/|s+)+£^-(/|e_). Then (2.6) yields that £;d((/)) < uj{D)+2maK\H\. Let 
us denote hy M-D{y',H, J) and Md{H, J) the spaces of all equivalence classes 
of the two kinds of maps respectively. Then 

(4.12) Md{H, J) = U-^f,^H)'^D{y; H, J). 

However, one should also note that M d {y; H, J) and Md{z; H, J) have probably 
nonempty intersection for two different y and z. Thus we mayn't affirm the above 
unions to be the disjoint unions. But each stable (J, i7)-broken solution has at 
most 2n = dim M joints. As in (4.3) and (4.4) we can prove the union at the right 
side of (4.12) is actually a finite unions, i.e., other Moiy; H, J) are empty except 
finitely many y G ViH), saying yi, ■ ■ ■ ,yt,t > r because of (4.10) and the fact 
thatMoiy; H, J) c Moiy; H, J). Then we get that 



(4.13) 



MD{H,J) = uU:,MD{yi;H, J). 
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Note that by the above assumptions if i > r then Moiyi', H, J) = for r < i < t. 
Unlike in (4.10) the union at the right side is not necessarily disjoint. How- 
ever, as in Proposition 2.5 one easily shows that the spaces Mniy; H, J) and 
M.d{H, J) equipped with the weak C°° -topology are the Hausdorff compactifi- 
cations of Moiv', H, J) and M.d{H, J) respectively (cf.[LiuTl]). Moreover, the 
notions of the corresponding stable -broken maps may also be introduced in 
the similar way. Let Ai£){y; H, J) and M£){H, J) be the corresponding virtual 
moduli cycles to them respectively. Consider the evaluation maps 

EV^(y) : MdH; H,J)^MxM and EV^ : M^iH, J) ^ M x M 

given by EV^(y)(/) = /(z+)) andEV^(/) = /(z+)), where 

z- and z-^- two double points on the chain of the principal components of the 
domain of / (cf. Def. 2.1). For the map x E§ in (4.7), if 

(4.14) n{a) - fi{b) + 2ci{D) = 0, 

then for a generic {h, g) G 0{hQ) x TZwe get two (rational) intersection numbers 

n^(a, b, y) := x El) ■ EV^(y) and 

which are independent of generic u and {h,g) € ©(/lo) x ^■ 
Proposition 4.3. Under the above assumptions it holds that 

(4.16) nUa,b,y) = n-'+\a,y)-n-C{b,M{-D)), 

(4.17) rz^(a,6)=E[=i"D(«>^yO- 



From these it easily follows that (4.5) and (4.9) become 

(4.18) m!;,_((a, A); {b,B)) = {E^ x E^) ■ EV^_^. 

Proof of Proposition 4.3. We first prove (4.16). By the definition in (3.2) the 
rational numbers n!^^(a, y) and n!^ (6, yjj(— Z))) are independent of the choices 
of generic small zv+ and . Therefore, we only need to prove (4.16) for suitable 
regular u and u^. Notice that MdHj', H, J) may be identified with the product 

M+{y;H,J)xM-{y^{-Dy,H,J) 

by the map (/, S,/) ^ ((/|s+, (/|s_, S_,r))- More generally, let 

Bf{y,-H), Bf{y-H) and fi^'^ytt(-i^); 

be the corresponding L^-stable map spaces then the first one can be identified with 
the product space B^^^{y; H) x B^J^{y'^{-D)\H) by the natural map 

(4.19) GL : ((/+,S+ (/_,S_,r)) ^ (/+ /-, S+ U S_,Z+ U T). 



24 G. C. LU 

We shall prove that a virtual moduh cycle H, J) for Moiv] H, J) natu- 

rally induces the virtual moduli cycle M.'^ {y;H,J) for M.^{y; H, J) and that 

M'L {y]\{-D);H, J) forM-{M{-D)]H, J) such that 

(4.20) Mo{y;H,J) = 

{Myf.\iUJ.) eMl\y-H,J) xM'C mi-Dy,H,J)}. 

Once it is proved. Note that for / = f+^yf- = (/+, /_) € H, J), 

EV^(y)(/) = (EV^^(y)(/+), EVr (ytt(-i?))(/-)). 
By (4.15) and (4.20), for a generic choice of {h,g) e O{ho) x TZ 

= {E: X Et) . (EVf (y) X EY^Smi-D))) 
= ■ EV^ (y)) X {E^, ■ EYl-mi-D))) 
= n^(a,y)-nr(6,ytt(-I))). 

Namely, (4.16) holds. In order to prove (4.20) we follow ILiuTll lLiuT2l and 
ILiuT3l to choose finitely many points (/+) = e M+{y]H,J) 

and = {f~ ,Y,J ,l~) G A^_(y(J(— _D); H, J), and their open neighborhoods 
Wt = W^+iift)) in Bf{y-H) and those VT" = W^" ((/")) in 
B^^{y^{—D); H), i = 1, • • • , m_|_, j = 1, • • • , m,_, such that the following hold: 

(i) W+(y) := U^+il^+ and >V-(ytt(-L>)) := ^"=iWJ' are respectively 
open neighborhoods of A4+{y;H,J) in B^^{y;H) and those of 
7W_(ytJ(-i?); J) in ^P'*^(y«(-Z)); //). ^ 

(ii) and l^^r have the uniformizers (W^ ,rf ,7r^) and (M^^", Fj, vr") 
respectively, i = 1, • • • , m+, j = 1, • • • , m_. 

(iii) {(W^+,r+,^+)}^+ and {(T^^-,r-,7r7)}^"L-i constitute the orbifold at- 
lases on W~^{y) and W~ {y]\{—D)) respectively. 

(iv) There exist the local orbifold bundles Cf and CJ W~ with 
uniformizing groups Tf and TJ respectively. 

(v) There exist two obvious smooth sections 

dlH--^^iy)^^^ = ^TM and 

such that their zero sets are M+{y; H, J) and M-{y]\{—D)] H, J), re- 
spectively, and that they may be hfted to the collections {djff}^i of T^- 
equivariant sections of Cf and those {9J^}J!r^ of r~-equi variant 

sections of C~ W~ respectively. 
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As defined above (2.13) we have corresponding index sets 

:= {I C {!,■■■ , m^} I Wf = Hk^iW^ + 0}. 

For / = {ii, • ■ ■ ) ^p} £ and J = {ji, • • • , jg} € M~ we denote by = 
11^=1 ai^d FJ = n?=i ^j^- Correspondingly, we have also the fibre products 

"^T' = {yl = {yj)j^j I ^Jivi) = ^J'ivj') e wj, Vj, / g j} 

and the projections : Wj' and vr j : Wj' Wj. For 1,1' e 

with I C I' and J, J' G M~ with J C J' we have also obvious projections vr^^'j, 
and ttJj, satisfying vr^ o vr^^, = vr/ and vrj, o vrjj, = ttJ. Following [LiuT3] we 
may construct the desingularizations of W^^ and as follows: 

^ |^r+ ^ ^+^^ I / c I' G Ar+ } and 

By (2.15) and (2.16), for every I c A/""*" (resp. J C A/"") there exist subsets 

C VF/ (resp. C Wf) such that: 

(a) >l+(y; H, J) C U,e^+F+ (resp. M^m-D); H, J) C U^^-y/); 

(b) Vjt n y+ / (resp. F^T n Vj + 0) only when Id V (resp. J C J')- 

— p+ — p- 

Then one can obtain from VFj ^ (resp. VFy ) the desingularization ^ (resp. 

^1'^ - — — _i_ _ 

) of the restriction of ^ (resp. W j ) to Vj (resp. Vj ). Let us denote by 

yr+ ^ |y/^7r+^, I I c 7' G A/'+l and 
JC J'gA^-}. 



~ ~_ ~p+ ^p+ ~r~ 

With the same way we may use C^l and Lj to construct Cj\ Cj' and , 

for I G A/^"'" and J G and obtain the following systems of the bundles 

(£^^F-) = {(£-^F/^)|/GA/-^}, 



and 



JeAf 
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In particular, , V^^ ) and ) are also the systems of the stratified 

Banach bundles. For i = 1, - ■ ■ , m+, j = 1, - ■ ■ , m_ , let (fij) = {fi''^yff) and 

5. = I (5+)^ W+, {g-^ G T^,-} and 

Then {fij) € Moiw, H, J) and {Vl^jy |f < i < m+, 1 < j < m_} is a covering 
of Mniv', H, J). Moreover, each Wij has a uniformizer (VFjj, Fij, vTy ) with 

r,,- = r+ X TJ and vr,,(<7+M") = GL{7T+{g+),7rT{g-)). 

The action of Tij on is given by (0+, • (5+, 5") = (-^"^ • 9^, 0" • 5")- 
As in §2 we may construct the local orbifold bundle Cij — > Wij uniformized by 
Cij — > Wij with uniformizing group Fij. Moreover, there exists a natural section 
Bff J : W ^ C = UijWij whose zero set is AiD{y',H, J) and that Ufts to a 
collection {djff\l < i < m+,1 < j < m_} of Fy-equivariant sections of 
Cij — > Wij. Here d^ff, dj'^ and By^ satisfy: for g = g'^'^yg" G Wij and 
^ G = L|_i(A°'H5*rM)) it must hold that 

because two terms at the right side are same when restricted to S+ n S~. Here S+ 
and S~ are the domains of g'^ and g~ respectively. For given /+ G B^''{y; H) 

and /_ G B^_!''(M{-D);H) the elements C+ G L^_i(AO'H/:;iTM)) and C~ G 
L|_i(AO'i(/*rM)) might not be glued into one of Ll_^{A^'\{f+^yf_)*TM)). 
Thus we might not glue ^2+ and C~ in general. 

Also denote by A/" = AT^ x A/"". For (/, J) and (/', J') in A/" we say (/, J) C 
(/', J') if I C I' and J C J'. Corresponding to this covering we have VF(7,j) = 
GL(W7 X Wj), F(j_j) = F+ © Fj and the system of bundles 

(F,T^^r) = {(£[;_^;\W^5y),^^^^^^ I {I,J)c{I',J')eAf}, 

Let fij = ff^fj and be the cokemel of D{dj ff){fij) in {Cij)f^j as 

before. Take smooth cut-off functions f3^{f^) on the domain T,f of and (3^{f~) 
on that S~ of /~ supported outside of the e-neighborhood of their double points. 
Then (3eUt) P^Uj) naturally determine a smooth cut-off function, denoted 
by PeUa) = PeiftWeifp, ou the domain E^,- = S+tJST of fij supported 
outside of the e-neighborhood of their double points. As in Step 1 in §2.2 and 
(2.19) we may use these to define corresponding spaces 

Reifij) and R'{{fij}) = (BT=i®T=iR-(fijy 



FLOER AND QUANTUM HOMOLOGIES 



27 



Now as in (2.18) we take the smooth F^-invariant cut-off functions j{f^) on 
and r J -invariant cut-off functions j{fj~) on W~ such that for each Uij G Re{fij) 
(which may be written as i^^'^i-'J' for some G Re{f^) with domain and 
e ReifJ') with domain T,J), 



will give rise to the global section 
of {C+,V+) and that 

of {C-,V-) respectively. Then -/{ft)hif~) ■ ( defined by (7(/+)h(/7) • 
^j)i9tti9j) = lUt)i9t) ■ l{f]'){9j) ■ ^3{9thj)) can yield a global section 
Vij = {{pij)i,j I (/, J) G N} of (£, y). For J > small enough, it follows as 
before that for a generic choice of G the global section transversal to 

the zero section 

and thus get the virtual moduU cycle 

Here M"j^'-''' (y; H, J) = {S2'"'^)~H0)- Note that u can be expressed as ©^+i®il"i 
Uij with Uij = u^'^uj G Re{fij), i = 1, - ■ ■ , m+ and j = 1, ■ ■ ■ , m_. We put 

(4.21) = XI ^^ils+ = " ^ ""'^''^7 " ^ 

They are the global section of (£"'", V~^) and that of {C~ , V~) respectively. We 
assert that dj^j + u'^ (resp. Bj ^ + j^") is also transversal to the zero section of 

V^) (resp.(£^, V^)). We only prove the assertion for Bjfj + u'^. Firstly, 
using (4.19) it is not hard to check that / G (y; H, J) if and only if / = 

f+W for some /+ G {8+^ + i^ty\0) and /- G + ujyHO). Next, by 
(4.21) we have 

= = I / e AT+I = {^(7+), I / G AT+j. 

i=l 1=1 j=l 

For a given /+ G (Sj^^ + p7)~^(0) we choose any /"" G (^J^ + uj)~^{0) and 
obtain a / = f+'Ayf~ G M2'''\y;H,J). Note that we can always extend any 
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4+ € {Cj)f+ into an element ^ G iA{i,j))f- Since + z/(7_j) : V(/^j) ^ 

£(7 J) is transversal to the zero section we have rj G Tjl/g j) such that D{d^jj + 

^{i,J)){v) = ^- This implies that D{B'jjj + S'/)(?7|s+) = C^- The assertion is 
proved. In particular we get two virtual moduli cycles 

7W+^(y;i/,J)= ..Mi{y;H,J)^W+], 

jr:m{-D);H,j)= T^^i^i ■■ M^J m-Dy,H,j) ^w-}. 

Here {mH, J) = (5+^ + i>+)-no) and M''jm-D);H, J) = (Bj^ + 
z^7)~^(0). Now (4.19) and the facts that tt^^j) = 7rf x ttJ and |r7,j| = |r^ x 
r~| = |r]!'||r7| together lead to 

H, J) = M"^ {y; H, J) x M'L m{-D);H, J). 

This is equivalent to (4.20). 

Next we prove (4.17). The ideas are similar to the proof of (4.16). Denote by 

Vi = [Vi^Wi]. By (4.13), for i = 1, • • • ,t, we take small neighborhoods wf* 
centred at G M"d{w^ H, J) in B^^^yi; H), I = + !,•••, h-i + k with 
lo = 1, such that constitutes a finite covering of M^£,{yi;H, J) 

satisfying the requirements to construct the virtual moduli cycle. Let VF/*^ 

— it) 

be the local orbifold bundle uniformized by Ci ' with uniformizing group 

r[*^ and projection -k^^ , and 

^s:u^>v»= u ^«-^«= u 4^ 

z=/i_i+i ;=ii-i+i 

Qlu:y^ = \} U i^«-£ = U U 

the obvious sections whose zero sets are M.'oiyi', H, J) and M.'d{H, J) respec- 
tively. Let M^^'^ be the nerve of the covering {1^/*^}|L/ of A^^(yi;i?, J), 
z = 1, ■ ■ ■ , and A/" be that of the covering ^Uii^i^YiUi-i+i ^d{H, J) 
as before. The elements of A/"*^*-* and those of AT are denoted by I^^^ and / respec- 
tively. Correspondingly, we have the bundle systems 




Hi) 
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As in (2.18) let = +i Re{//^) be the corresponding finite 

dimensional space that is used to construct the virtual moduli cycle from (jCF , V^) 
and Bjjj. Then for a generic small 1^ e R'{{ff^}) we obtain a global section 
u : ^ jC^ such that = {S^jj = dfjj + e Af} is transversal to 
the zero section. As above we may prove that u induces a global section i?^^^ : 



( (i) 

_ I q^ld) _ (i) 



jii) e ^{i^ 



is also transversal to the zero section for each i. Let 

M''j,{H,J) = Y,T^{^i--M''j^{H,J)^W} and 



Mf{yi;H,J)= ^ ^« : a^;^« (y,; j) ^ >v» ^, 



i = 1, • • ■ , be the corresponding virtual moduli cycles, where 

A^^^(iJ,J) = (S^O"'(0) and A^;^«(y,;i7,J)= (4''')"\0). 

By (4.10) the top strata of J) can only contain those of Mf) {jji', H, J), 

i = 1, - ■ ■ ,r. Other top strata are all empty. Thus 

TM'oiH, J) = uUTMo\m;H,J). 

The union is also disjoint because y^, i = 1, • • • , r, are different. Since (4.14) 
impUes that the intersections in (4.15) may only occur in the top strata we arrive at 

r 

{K X El) . Ev^ = Y^iK X El) . ivi). 

i=l 

This completes the proof of (4.17). □ 

Step 3. Now we need to introduce a kind of deformation spaces for understanding 
the right side of (4.18). For p > and / : M x 5^ ^ M we define Bj^hJ by 

(4.zz; J{f){dtf ~ {l3+{s + p + 1) • /3+(p + 1 - s))XH{t, /)) = 0, 

where ^+ is as in §2. For such a map / we define the energy of it by 

/oo pi 
/ \dj\ldsdt. 
-oo Jo 

By the removable singularity theorem, Ep[f) < +00 implies that / can be ex- 
tended into a smooth map from CP^ ^ {~^} U M x U {00} to M which is 
also J-holomorphic near and 00. For a given D G F we denote by MoiHp, J) 
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the space of all maps satisfying (4.22), having finite energy and representing the 
class D. To compactify it we introduce: 

Definition 4.4. Given JD G T and a semistable .F-curve with a unique 

principal component(cf. Def. 2.1), a continuous map / : E ^ M is called a 
stable (J, ifp) -map of a class D if it represents D in the usual sense and also 
satisfies: 

(1) On the unique principal component P with cylindrical coordinate (s,t), 

= f\p-{z^,z+} satisfies: Bj^hJ^ = and Ep{fP) < +oo. 

(2) The restriction of / to each bubble component Bi is J-holomorphic, 
and the domain of each homologically trivial bubble component is stable. 

We may also define the equivalence class of such a map. Denote by AioiUp, J) 
the space of all equivalence classes of such maps. The energy of / is defined by 

/OO pi p 
/ \d,f\ldsdt + Y, UFT'^- 
-OO JO ■ JBi 

From the arguments in [Sch3, 4.2] it follows that 

(4.24) Ep{f) <Lj{D) +2max\H\. 

As usual, for any p > we may construct the virtual moduli cycle A4^_^(i?p, J) 
of dimension 2n + 2ci{B — A) corresponding to the space Mb-a{Hp, J). Con- 
sider the evaluation 

E^".^ : Mn'-AiHp, J) ^ M x M, f ^ {f{z^), f\z+)). 

By (4.2), for a generic (/i, g) G ©(/iq) x 7?. we get a rational intersection number 

(4.25) nB-A(«. ^ 5; Hp, J) := {E^i x ^|) • E^".^. 
Define (5' o $)p : QC*{M, uj; h, g; Q) QC^ (M, w; /i, 5; Q) by 

(*o$)p((a,^))= 5^ n''j,'_^{a,b,h,g;Hp,J)-{b,B). 

IJ.{{b,B))=t,{{a,A)) 

Proposition 4.5. For every p > 0, {"^ o ^)p is a chain homomorphism. 

Proof. Firstly, note that if ri'£_^{a, b, h, g; Hp, J) 7^ then Ms-AiBp, J) ^ % 
and thus it follows from (4.24) that < u;(i? — ^4) + 2 max \H\. Using the fact, as 
in Stepl we can prove that (* o $)p indeed maps QC* (M, u:;h,g;Q) into itself. 

Next, we show that (^' o cj))^ commutes with the boundary operator in (1.6). 
It suffices to prove that 9 o (* o $)p((a, A)) = (* o <^)p o ^^((a, A)) for each 
(a, A) G (Crit(/i) x r);^ The direct computation shows that the left equals 



n{{c,B))=k-l 



^ n{d,c)n£_j^{a,d,h,g;Hp,J) 

.M(d)=/i(c)+l 
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and the right does 

^ ^ n{a,h)n£_^{h,c,h,g;Hp,J) ■ {c,B) 

lM((c,B))=k-l lfi(b)=fj.{a)-l 

Therefore we only need to prove 

^ n{d,c)ri'£_^{a,d,h,g;Hp,J) 

li{d)=fj.{c)+l 

= X] »^(«>^)"b-a(^'C, /i,c/;i7p, J). 

fj,{b)=fj.(a)-l 

This can be proved as Propositions 3.5 and 3.6. In fact, by 

/i(a) - ^i{c) + 2ci{B -A)= /x((a, A)) - /x((c, B)) = 1, 
for a generic {h, g) € ©(/io) x ^ the fibre product 



(T^"(a,/i,5) X VF'(c,/i,5)) X 



is a collection of compatible local cornered smooth manifolds of dimension 1 and 
with the natural orientations. Its boundary is given by the union 

iU^^,)^^^,)_M(^,b) ■ {W-{b,h,g) xW\c,h,g)) x R^^M''j^_^{Hp, J)) U 

i-^^,{d)=,^{c)+ln{d,c) • {W''{a,h,g) xW\d,h,g)) x R^^M'^_^{Hp, J)) 

because A1^_^(-ffp, J) has no components of codimension 1. Here Rad and R^c 
are representing E^^ x = E^''_^ and E^ x E^ = E^''_^. Hence as before the 
conclusions can follow from 

tt9((W(a,/i,5r) xW'{c,h,g)) x^^ g ATr''^ 



B-AK^p, J)) 



0. 



□ 

Our purpose is to prove that o $)o is chain homotopy equivalent to o 
To this goal let us consider the space 

Mb~a{{Hp},J) = Up>oM X Mb~a{Hp,J). 

From the arguments in IHS1IIS1IIS2II and ISch2l it is not hard to derive that for any 

sequence G M. B-A{Hp^, J) with pm — > +oo there must exist a subsequence 
(still denoted by u"^), finitely many elements xi,--- ,Xk € V{H), and uq € 
M+{xi;6, J), Uj € M{xj,Xj+i; H, J), j = 1, • • • , A; - 1, G M-{xk; H, J), 
and sequences —pm — 1 = < " " " < ■^m = Pm + 1, such that u"^{s + s^, t) 



• , k (see I S2 1 for the precise 
,ii, are all bubbles attached 

• • • ,ii, i = 0, • • • ,k, repre- 



converge modulo bubbling to Ui{s, t) for i = 0, • 

definition of this term). Moreover, if wl, i = 1, ■ ■ 
to Ui, then the connected sum of all Ui, wj, I = 1, 
sents the class B — A. This convergence result shows that the stabilized space of 
Mb^a{{Hp], J) is given by 

(4.26) Mb-a{{Hp}, J) = Upe[o,+oo]{p} x MB-AiHp, J), 
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where M b-a (^^+oo ) J) is understood as M b-a {H, J) in (4.11) with D replaced 
by B — A, and [0, +oo] = [0, +oo) U {+00} is the compactification of [0, +00) 
equipped with the structure of a bounded manifold obtained by requiring that 

h : [0, +00] ^ [0, 1], t/Vl + t^ 

is a diffeomorphism. Then by the standard arguments we can prove that the space 
in (4.26) is compact and Hausdorff with respect to the weak C°° -topology. In 
addition, one has the obvious continuous evaluation map 

(4.27) Eb-a : Mb^a{{Hp}, J) ^ M x M 

given by = (/(z-), /(z+)) for (/) G Mb-a{Hp,J) with p G 

[0, +00), and Hb-a(+oo, (/)) = for (/) € Mb~a{H+^, J). 

As above we can construct an associated virtual moduli cycle M^_^{{Hp}, J) 
of dimension 2n + 2ci {B — A) + 1 with the boundary 

dM'B-AaHp},J) = {-M'j^_A{Ho,J))UMB^rA{H+oo,J). 

Moreover, the evaluation map in (4.27) can naturally be extended onto the virtual 
module cycle, denoted by 

E'^,_A:MB-AaHp},J)^MxM. 

Let ri^^_j^{a, b, h, g; Hq, J) (resp. ri^^^j^^a, b, h, g; i/+oo, J)) denote the intersec- 
tion number of x and the restriction of to M^b-A^^o, J) (resp. 
-^B^(^+ooi J))- Note that A4^'^(ff+ooi J) is just a virtual moduli cycle as- 
sociated with the space M. b-a{H, J) defined in (4.12). By (4.18) we get 

(4.28) ^o'^{{a,A))= Yl n+rAia,b,h,g;H+^,J)-{b,B). 

M((f),B»=M((a,A» 

As in IFIlSZI and IS2I we wish to define a homomorphism ip : QC^ (M, uj;h,g;Q) 
QC^{M, io; h, g; Q) such that 

(4.29) ^'o^.-(^'o$)o = 5'3(^ + (^a'3. 

For h G O{ho), {a, A) G (Crit(/i) x r)^ and {d,D) G (Crit(/i) x T)k+i, the 
equality /z(a) — fi{d) + 2ci(D — A) + 1 = implies that for a generic {h, g) G 
O{ho) X TZ the evaluations E"^ x E^ and are intersecting transversally. So 

the rational intersection number 

no-Aia, d, h, g; {Hp}, J) := (^^ x ^^) • H^„^ 

is well-defined. Then it is not difficult to check that ip defined by 

(4.30) ip{{a,A))= Yl nD-A{a,d,h,g;{Hp},J)-{d,D) 

/.((d,D»=M((a,A))+l 

is an endomorphism of QC^{M, lo; h, g; Q) and satisfies (4.29). That is, 

o A)) - (* o $)o((a, A)) = a«(/.((a, A)) + ^d^{{a. A)) 
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for each (a, A) € Crit(/i) x F. In fact, by the direct computation it suffice to prove 

n'^B-AiO'^ b,h,9; H+oo, J) - ^' ^' 9', Hq, J) 

(4.31) = T.u,(c)=n(b)+i ''T'B-Aia, c, h, g; J)n{c, b) 

- ^t^{d)=^{a)-i d)nB-A{d, b, h, g: {Hp}, J) 

for each {b,B) € Crit(/i) x F with fj,{{b,B)) = n{{a,A)). To prove it we take 
a generic {h,g) G 0(/io) x 7^ so that the evaluations x E^, x and 
E'^ X are transversal to By Lemmas 3.1 and 3.2, for a generic {h,g) 

the fibre product 

(|y"(a,/i,5) xW\b,h,g)) XEsxE-^=s-g_^MB-Ai{Hp},J) 

is a collection of compatible local cornered smooth manifolds of dimension 1 and 
with the natural orientations. Its boundary is given by 

{-(W''ia,h,g) xW\b,h,g)) x^^^^^^-o_^Mb-a{Hq,J)) 

mW {a,h,g)xW\b,h,g)) _M''^rA{H+o..j)) 

UUMd)=^(„)-in(a,d)- {{W{a,Kg) x W^^X^, ff)) 7W^_^({i7,}, J)) 

U UMc)=Mb)+i ^(^' ^> 5) X W^(6, /i, 5))xi?,, A7b-a({^p}, ^))- 

Here iJ^rf = E^ x E^ = and i?c6 = E^ x E^ = E;^_^. This impUes 

(4.31). To sum up we have proved: 

Proposition 4.6. o ^ is chain homotopy equivalent to o <I>)o. 

Step 4. We need to make further homotopy. For r G [0, 1] we define 

dj,rHou{s,t) =d,uis,t) + J{u){dtu - t{P+{s + 1) • /3+(l - s))XH{t,u)) = 0. 

In Definition 4.4 we replace Bj^Hp with Bj^tHq and define the corresponding stable 
(J, THo)-map of class D. Let M.d{tHq, J) be the space of all equivalence classes 
of such maps. For (/) € M b-a{tHq, J), as in (4.24) we can estimate 

E^f) :=/o \dsnidsdt + Z^ Jb^UFT^ < ^(^ " ^) + 2r max 

As above we can construct a virtual moduli cycle A^^_^({ri7o}, J) of the com- 
pact space U^g[o,i] {r} x b-a{tHo, J) of dimension 2n + 2ci (i? — ^) + 1 and 
with boundary 

dMB_A{{rHo},J) = {-Mb-a{0,J))^Mb-a{Ho,J). 

(Actually, M''b~a{Ho, J) can be chosen as A^^"_^(iJo, J)-) For r = 0, 1 and a 
generic (/i, (7) € ©(/io) x 7^, using the evaluation map 

E^-A : Ms-AirHo, J)^MxM, {f{z.), f{z+)), 
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we get the well-defined rational intersection number 

n'^;_^{a,b,h,g;THo,J) := (K x m)-'^B-A- 

By (4.25) we have 

nB^A{a,b,h,g;Ho,J) = rf^_j^{a,h, h,g-HQ,J) 

since they are independent of the generic choices of u and {g,h). Therefore, as 
in Step 3 we can easily prove that o $)o and thus $ o $ are chain homotopy 
equivalent to o (J))" defined by 

(4.32) (*o$)0((a,A))= ^ n''°_^{a,b,h,g;0,J)-{b,B). 

M(f),B»=M((a,A» 

Here as in Proposition 4.5 it can be proved that o ^j'^ is a chain homomorphism. 
We omit it. Now Theorem 4. 1 can follow from this and the following result: 

Proposition 4.7. The numbers n'^_^{a, b, h, g; 0, J) at (4.32) satisfies 

,,0 / , , „ T\ f 1 if a = 6 and A = B, 
nB-A{a,b,h,g;0,J) = ^^ otherwise. 

Proof. Case 1: A B.ln this case A4b-a{0, J) contains no the constant maps. 
Moreover, the domain of elements of A4b-a{0, J) is only 0-pointed semistable 
JT-curves with at least a principal component and the operator Bj is invariant under 
action of the automorphism group of the domain of a semistable JT-curve. Thus 

as in [LiuT2] the associated virtual moduli cycle M.b-a{^j J) can be required to 
carry a free -action under which the evaluation is invariant. Hence for a generic 
{h, g) G O{ho) X Tl the fibre product 

(TF"(a,/i,5) xW\b,h,g)) x^esxEi)=e'^°_^^b-a{0,J) 

must be empty under the condition (4.2). We get n^°_^(a, b, h, g; 0, J) = 0. 
Case 2: A = B. Now M.b-a{^-, J) can naturally be identified with M and thus 
-^B-yi(O) i^^y be taken as M b-a{^, J)- Note that ^{a) = fi{b) in the present 
case and that W^{a, h, g) n W^{b, h, g) carries a free M-action if it is nonempty. 
The conclusions follow naturally. □ 
Summing up the above arguments we complete the proof of Theorem 4.1. 

Remark 4.8. If the Morse function h has only critical points of even index then $ 
is a right inverse of as the chain homomorphisms between QC^:{M, uj; h, g; Q) 
and C^{H, J, u; Q). Indeed, carefully checking the proof of Th.4.1 one will find 
that n^'l!^(a, b, h,g; Hj^oo^J) — n^s-A^^^ ^' h,g;Ho, J) = in (4.31). The same 
reasoning yields n^^_^(a, b, h, g; Ho,J) = n^°_^(a, b, h, g; 0, J). By Proposition 
4.7 and (4.28) we get that * o $((a, A)) = {a, A) for each (a, A). 
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Theorem 4.9. <I> o ^I' chain homotopy equivalent to the identity. Consequently, <I> 
induces a surjective Ai^-module homomorphismfrom QH^, {h,g;<Q)to HF^, (M, uj; 

Proof. The proof is similar to that of Theorem 4.1. We only give main steps. 
Step 1. For every x G Vk{H) the direct computation gives 

^l(y)=k 

fj,{{a,A))=k 

As in the proof of Theorem 4.1 using Proposition 3.4 we can easily prove the 
second sum to be finite. That is, there are only finitely many (a, A) € (Crit(/i) x 
r)A: such that n"^ (o, x^{-A)) ■ n'^ (a, y^{-A)) / 0. Actually, there exist finitely 
many A ^T, saying ^i, • • • , As, such that 

M.{x]\{-Ai);H,J)^?l and M+m-Aiy,H,J)^$ 

for z = 1, • • • ,s. Note that the product n'^ {a, x^{—A)) ■ n"^ {a, y'^{—A)) can be 
explained as the intersection number of the product evaluations 

EVr X EV;^ : AT^ {^{-A)-H, J) X AT+^(ytl(-A); H,J) xM 
mdE^ X ■.W\a,h,g) xT^(a,/i,g) M x M, 

{Ei X E:) . (EVr (x«(-A)) X EV^ (ytJ(-A))) 
for a generic (/i, g) G ^^(/lo) ^> and that the fibre product 

(W\a,h,g) xW^{a,h,g)) xr {WS m-A); H, J) xM''_^^ {m{-Ay, H, J)) 

is an empty set for a generic (/i, g) G 0(/io) x even if fi{{a, A)) ^ k = n{x) = 
Here R = E^ x E^ = EV^ x EV^;^. Thus 

(4.33) \ =E(a,A)eCMk)xriK x K) ' {^^"C {x^{-A)) x EVf (y«(-^))) 

. =EaeCntwE-=l(^a X ^,") • (EV^ (xH(-^,)) X ^\l\yi{- A,))) . 

Step 2. To understand this sum, for (/i, g) G ©(/iq) x 7^ and p > we denote by 

Mp{K g) ■■= {7 e ^^-([-p, p], M) 1 7 + V,/i(7) = 0} 

It is a compact manifold of dimension 2n and A4o{h,g) can naturally be iden- 
tified with M. Using the gluing techniques in the Morse homology (cf. Theo- 
rem 6.8 in ILu2l '). the natural weak compactification of the noncompact manifold 
Up>oM.p{h, g) of dimension 2n + 1 is given by 



yjp>QMp{h,g) := U^^oMp{h,g), 
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where 

Moo{h,g) ■=^aGCrit{h)W\a,h,g) xW{a,h,g) 

and the weak convergence of a sequence {7^} C {h, g), Pm ^ 00, towards 
a pair {u,v) G M.oo{h,g) is understood in an obvious way (cf.[AuB],[Schl]and 
[Sch4]). The space has the structure of a manifold with corners and with boundary 

dVJp>QMp{h,g) = {-MQ{h,g))yj{\Ja(.cr\t{h)^\a,h,g) x W"(a, /i, 5)). 

Moreover, there exists a smooth evaluation 

evft.g : Up>QMp{h,g) M x M 

givenby evh,g(7) = {l{-p),l{p)) for 7 G Mp{h,g) such that 

'^''h,g\w\aA9)xW^{aAg) = ^ ^ov each a G Crit(/i). 

We also denote by ev^ ^ the restriction of cvh,g to Aip{h, 5) for < p < 00. To 
make further arguments we need to assume that 

(4.34) EVr(xtt(-^i))rtlEV';+(ytt(-A,)), i = !,••• ,s. 

These may actually be obtained for a generic small (u^ , u'^) G R~ x Rf by in- 
creasing some points /r g M-{x'^{—Ai):. H, J) and /+ G M+{y'^{-Ai); H, J) 
and enlarging the spaces Rf in the construction of the virtual module cycles. 
Using these, for a generic pair {h, g) G O{ho) x 7^ the fibre product 

^p>oMp{h,g) Xr, {uUM'S {xU-Ai);H,J) xM+ {yMi-Ai);H,J)) 

is a collection of compatible local cornered smooth manifolds of dimension 1 and 
with the natural orientations. Here i?3 represents ev{h,g) = EV^ x EV^^^. Its 
boundary is the union of the following four sets 

-Mo{h,g) xr, {uUM''_'{x^i-Ai))xM+mi-Ai))), 
( U W\a,h,g)xW^{a,h,g))xR,{uUM''S m-A^))xMl\M{-A^))), 

aeCrit(/i) 

U -m{x, z) ■(jMp{h,g)xR, (uUMI' (5tt(-^0) x M^^ (ytt(-A,))) , 

H{z)=ix{x)-1 p>0 

[j m{~z',y)-\jMp{h,g)xR, (uUM'L {x^{-Ai)) xMl\~z'^{-A))y 

/.(2')=M(y) + l P>0 

Here Ri and R2 represent ev^^ = EV^" x EY"^ and ev^^ = EV^ x EV:;"^ 
respectively, m^x, z) = tj(C(A4 {x, z))) and m,{z' , y) = ^{C{M (z', y))). Here- 
after we omit H, J in M± (•; H, J) without confusions. Note that 

s 

« (( U ^'(°' ^' 5) X W"(a, h, g)) xn, [[j Ml'ixii-A)) xAi;^(ytt(-A)))) 

aeCrit(?i) 1=1 
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is exactly the number in (4.33), and that because of (4.34), 

is exactly the sum of the intersection numbers 

(4.35) J2U^^''-m-Ai))-EY''_;{M{-A,)) 

As in the proof of Theorem 4. 1 the above boundary relations lead to: 

Proposition 4.10. ^ o"^ is chain homotopy equivalent to the homomorphism de- 
fined by 

(4.36) W^{x)= Yl (EEV!l"(5tt(-A))-EV;+(ytt(-A)))-y. 

n(y)=IJ.{x) i=l 

Now we also need to prove that $ o ^1/ is a chain homomorphism from C* {H, J; Q) 
to itself yet. The ideas are same as those of Proposition 4.5. Let us outline it as 
follows. Firstly, (2.6) implies that if the sum in (4.35) is not zero then 

^niy) ^ max|i?| — min uj{Ai) and J^h{x) > — max|if| — max uj[Ai). 

l<i<s l<«<s 

From these it easily follows that <1> o vj/ maps C^{H, J; Q) to itself. Next, by the 
direct computation we easily reduce the proof oi ^ o = 9^ o $ o to 
proving that for given x G Vk{H) and z G Vk-i{H) the following holds. 

s 

s 

= E E ^^(^'^') • (EVr (S'tt(-^i)) • EVf (Stt(-A))). 

i=l fi{z')=k-l 

Here and in the following unions nj(x, z') = \l{C {A4'^ {xff{— Ai) , z'ji(— Aj)))) and 
miy, z) = ^{C(M''{M{-A^), z^{-Ai)))). In fact, by (4.34) the fibre product 

is a collection of compatible local cornered smooth manifolds of dimension 1 and 
with the natural orientations. Its boundary is given by 

(U^(5')=ik-i"«(^'^') • CM- (^'J(-A)) XEv:-=Evf M+ {z^i-Ai)))) 

U(- U^(j^)=fc {x^i-A^)) Xj^^,-^g^,+ M+iy^i-A^))) ■ m{y,z)). 

Notice that the sum in (4.35) is exactly 

m=iM'': mi-A,)) x^y._-^^y.^+ Mi\m{-Ai))). 

They together lead to the conclusions. 
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Step 3. To understand the number in (4.35) we introduce: 

Definition 4.11. Given x,y € V{H) and a semistable /"-curve with at 
least two principal components (cf. Def.2.1), a continuous map 

/ : S \ {zi, ■ ■ ■ , Zi-i,Zi+i, ■ ■ ■ , ZNp+i} M 

is called a stable (J, iJ) -broken trajectory if we divide (S, i) into two semistable 
JT-curve and at some double point Zi between two principal 

components, I < i < Np + I, then and are the stable (J, ii')_-disk 
with cap X and stable (J, i7)+-disk with cap y respectively. 

We can also define its equivalence class in an obvious way. Denote the space 

of all such equivalence classes by M-+{x,y; H, J). Let M y{x,y\H,J) be 

its subspace consisting of those elements whose domains have only two principal 
components and have no any bubble components. Then the former is the natu- 
ral compactification of the latter, and has the virtual dimension ji{x) — iJ.{y). We 
can, as before, construct an associated virtual module cycle M.'^_^_{x,y; H, J) of 
dimension ij,(x) — ii{y). Specially, if ii{x) = ^{y) this virtual moduli cycle de- 
termines a well-defined rational number n'^_^_{x,y;H,J) which is independent of 
a generic choice of in the obvious way. As in the proof of Theorem 4.1, by 
carefully checking the construction of the virtual module cycle we can prove that 

n'L^x, y; H, J) = EV^ (x) ■ EVf (y). 

Moreover, as showed in Step 1 there exist only finitely many Ai E F such that 

M-+{x\\{-Ai),y^{-Ai); i7, J) / 0, i = 1, • • • , s. So the virtual module cycle 
associated with U|^iAl_+(xjJ(— Aj), y(J(— ^j); ii", J) can be taken as 

uUM%m-Ai),m-Ai);H,J). 

It follows that 

s 

m^{M-+{xU-Ai),m(.-Aiy,H, J)Y = ^ n%{x^{-A,)M{-Ai); H, J). 

i=l 

Thus (4.36) becomes 

(4.37) W^{x) = m=lM-+{x^i-A,),m{-A^y, H, J)Y • y. 

Step 4. Furthermore, for p > and / : M x 5^ — M we define Bj^hp/ by 

dj,Hpf{s, t) = dsfis, t) + JifMf - {(3+{s -p) + (3+{-s - p))XH{t, /)) = 0, 

where /3+ is as in (4.22). For such a map / we still define the energy of it by (4.23). 

Definition 4.12. Given [x, f], [y, w] G V{H) and a semistable jF-curve as 
in Definition 2.1, a continuous map / : S \ {zi,- ■ ■ , ^^Vp-i-i} ^ M is called a 
stable ( J, i?)^-trajectory if there exist [x,v\ = • • • , [xjVp+i, uwp+i] = 
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[y,'w\ such that (1), (2), (3) in Def.2.1 are satisfied unless (i) in Def.2.1(l) is re- 
placed by Bj^Hpfk = ^rid Ep{f^) < +00 in some principal component P^- 

Let Ai{x,y; J, H^) denote the space of equivalence classes of all stable (J, HY- 
trajectories from x to y. As in §2 we can prove that this space is compact according 
to the weak C°°-topology and construct the corresponding virtual moduli cycle 
Ai {x,y; J, Hf) of dimension fi{x) — fi{y). Specially, if fj,{x) = fi{y) we can 
associate a rational number to it, denoted by my{x, y; J, Hf). Consider the space 
Up>oAl(i, y; J, HP). As before one easily shows that the natural weak compacti- 
fication of it is given by 

{Up>oM{S:, m J, HP)) U {lJUM-+{^{-Ai)M{-A^)■, H, J)). 

Using it we can construct a virtual module cycle of dimension 1 and prove: 

Proposition 4.13. $ o vj/ in (4.37) is chain homotopy equivalent to the homomor- 
phism given by 

(cDoM/)0(x)= m''{x,y;J,H'^)-y. 

Here we have assumed that (<I> o ^)'^ is a chain homomorphism from C* {H, J; Q) 
to itself. It can be proved as above. We omit it. As in |F SZ| and [LiuTlJ, by tak- 
ing a regular homotopy from (J, H) to (J, (/?+(•) + P+{—-))H) we can prove that 
((J) o vl')'^ is chain homotopy equivalent to the homomorphism defined by 

W^ix)= Yl mM''ix,y;J,H))))-y. 

H{y)=fi{x) 

Since fi{y) = fi{x) it is easily checked that {|(C(Al'^(x, y; J, H))) = 1 as x = y, 

and ^{C(M''{x,y; J, H))) = otherwise. That is, = id. This fact. 

Proposition 4.13, (4.37) and Proposition 4. 10 together prove Theorem 4.9. □ 
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